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Comment on “Non–equilibrium Electron Distri-
bution in Presence of Kondo Impurities”
(cond-mat/0102150.v2)
In a recent paper [1] Go¨ppert and Grabert (GG) inves-
tigate the effect of inelastic scattering by Kondo impuri-
ties on the non-equilibrium distribution function f(ε, U)
in resistive nanowires. The experimentally observed [2,3]
scaling of f(ε, U) w.r.t. the bias voltage U points at a
1/ω2 behavior of the collision kernel K(ω, ε, ε′) [2], with
ω the energy exchanged in the scattering process and ε, ε′
the particle energies. This is explained by spin scattering
in 4th order perturbation theory (PT) in the Kondo cou-
pling J [4,5,1]. Going beyond bare PT, (1) the infrared
divergence of K(ω, ε, ε′) is cut off by a non-equilibrium
decoherence rate 1/τs and (2) there are retardation ef-
fects arising from vertex renormalizations [4,6].
GG factorize the corresponding convolutions in the
electron-electron t-matrix by setting ω = 0 everywhere
except in the leading infrared divergent factor 1/ω2. This
is valid only when 1/τs ≪ U (i.e. when U ≫ TK), since
then the ω-integral over the range |ω| . U is dominated
by the ω = 0 contribution. However, in the experiments,
where TK is estimated [3,6] such that U ≈ 10 . . . 50TK,
one has 1/τs ≃ (2pi/3) S(S + 1)[ln(U/TK)]
−2U ≈
0.3 . . . 0.1U , i.e. the factorization is not valid here. Ne-
glecting 1/τs throughout their calculation and factorizing
the collision kernel, GG overestimate K(ω, ε, ε′), espe-
cially for energy exchange ω . 1/τs. This provides an
explanation why the Kondo impurity concentration cimp
used by GG in order to describe the experiments is lower
than cimp determined in Ref. [6], where 1/τs is included
and no factorizations are applied.
GG further emphasize that for T ≪ TK their results
do not depend on TK , in contrast to Ref. [6], where the
renormalized coupling depends on U/max[T, TK ], and
max[T, TK] sets the scale where deviations from scaling of
f(ε, U) occur towards lower bias. The latter is obvious on
physical grounds, since for U < TK the Kondo impurity
crosses over to a potential scatterer, where K ∝ 1/ω2
must terminate. Hence, the TK–independence of GG’s
results is incorrect and appears to be an artefact of their
factorization scheme and neglection of 1/τs.
Finally, GG claim that in the slave boson (SB) method
employed in Refs. [5,6] algebraic behavior of K(ω, ε, ε′)
can only be obtained in infinite order PT. We now show
that, in contrast, the SB technique reproduces the 1/ω2
behavior of [4,1] in 4th order PT. As pointed out in [6],
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FIG. 1. Contribution to the electron-electron vertex of
O(J4), included in NCA (notation as in Ref. [6]).
the in- and out-scattering single-particle t-matrices t<,
t> of O(J4) are included in NCA and are given by the
diagram Fig. 1 and the one with ε ↔ ε′, ω → −ω,
where the bare pseudo-fermion and boson propagators,
G
r (0)
f (ε) = 1/(ε + i0) and V
2G
r (0)
b (ε ≈ 0) = J , are in-
serted and the lines carrying ε′ are connected [7]. Hence
t>(ε) = −
8pii
ρ
cimp(ρJ)
4
∫
dε′
∫
dω
1
ω2
× [1− f(ε′ + ω)][1− f(ε− ω)]f(ε′) , (1)
and similar for t<, with f ↔ −(1 − f). Inserting this
into the collision integral Eq. (2) of [6], one recovers the
O(J4) expressions of [4,1] with the collision kernel [8]
K(ω, ε, ε′) =
8pi(ρJ)4
ρ
cimp
ω2
. (2)
A correct treatment must incorporate decoherence and
retardation. Both are included in NCA through selfcon-
sistency [6] (see Fig. 1), the former via the infrared cutoff
1/τs of the pseudo-fermion propagators Gf (ε1 − ω), the
latter through the boson propagators Gb(ε1 − ε
′ − ω)
which acquire frequency dependence by renormalization.
Approximate scaling of f(ε, U) at large U does persist
despite the cutoff 1/τs, because for U > TK 1/τs itself
scales with U , up to log corrections, and because retarda-
tion effects are resummed to yield algebraic behavior of
t≷(ω) [6]. Deviations from scaling towards smaller bias,
which are also observed experimentally [2] due to finite T
or TK , are caused by ln(U/max[T, TK ]) corrections both
to 1/τs and to the algebraic behavior of t
≷(ω).
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